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O que € uma arvore KD?

Fonte: http://en.wikipedia.org/wiki/Kd-tree

- s ]
Exemplo do algoritmo de Bentley (1975)

pointlist = [(2,3), (5,4), (9,6}, (4,7), (8,1), (7,2)]
tree = kdtree(pointList)
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Fonte: http://en.wikipedia.org/wiki/Kd-tree
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Métodos de divisao

- Tradicional (“optimal kd-tre€”) (Friedman et al., 1977)
- Escolha do eixo mais longo (max-min)
- Escolha da coordenada mediana

- Ponto médio (Maneewongvatana and Mount,1999)
- Escolha do eixo com maior extenséo (independente dos dados)
- Escolha do ponto central (extens&do/2)

- Ponto médio deslizante (Mount and Arya, 1997)
- Opera como o método de ponto médio

- Porém, para divisOes vazias, desliza o ponto médio até incluir um
elemento

T
K-Means com arvores KD

- ldéia geral
- Construir arvore KD
- Arvore é fixa, s6 precisa ser construida uma Gnica vez
- Cada n6 contém: ponteiros para os objetos, soma destes e quantidade
- Filtrar protétipos pela arvore até que:
+ N6 nédo-terminal possua um Unico protétipo
- N6 folha é atingido } Passo de atribuicao
- Vantagens
- Arvore subdivide os dados em “vizinhos mais proximos”
- Vizinhos proximos possivelmente serdo associados a um mesmo protétipo
- Analise geométrica para podar protétipos

K-Means com arvores KD

- Varios descobriram de forma independente
- Alsabti et al. (1998)
- Pelleg and Moore (1999)
- Kanungo et al. (1999, 2002)

- Diferenca
- Método de divisao da arvore KD
- Método de poda dos protétipos
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An Efficient k-Means Clustering Algorithm:
Analysis and Implementation

Tapas Kanungo, Senior Member, IEEE, David M. Mount, Member, IEEE,
Nathan S. Netanyahu, Member, IEEE, Christine D. Piatko, Ruth Silverman, and

Angela Y. Wu, Senior Member, IEEE
- Kanungo et al. (2002)
+ Primeiro constroi arvore KD
- Cada iteragéo, roda o algoritmo de filtragem | Filwer(kdNode u, CandidacSet 2)

€« w.cell;
if (u is a leaf) {
#* 4 the closest point in Z to w.peint;
2".wgtCent < 2*.wgtCent + u.point;
z*.count & 2*.count + 1;

else {
2" 4 the closest point in Z to C's midpoint;
C for each (¢ Z \ {="})
° ® u if (z.isFarther(=*,C)) Z « Z \ {z};
e if(121=1) {
P z 2".wgtCent « z*.wgtCent + u.wgtCent;

z%.count + z*.count + u.count;

else {
Filter(u.left, Z);
Filter(u.right, Z):
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ODJ:‘G % J;“ 22 Filter(kdNode #, CandidateSet 2) {
C + u.cell;
2 2 1 if (u s a leaf) {
3 1 P 2"+ the closest paint in Z to u.peint;
7 2 2 2".wgtCent  =".wgtCent + u.point;
2".eount & 2*.count + 1;
5 8 9
6 9 8 else {
7 9 9 2" + the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
8 8 8 if (zisFarther(*,C)) Z 2\ {z};
9 1 15 if(1Z]=1){
10 2 15 2" wgtCent + 2".wgtCent + u.wgtCent;
2".count & 2*.count + u.count;
1 1 14 }
12 2 14 else {
Filter(ee.lejt, Z);

Tilter(wu.reght, Z):

Objetox; | x, x,
1 1 2
2 2 1
3 1 1
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14
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Z1=[89]

72 =19 8]

Filter(kdNode u, CandidateSet Z) {
C — w.eell;
if (u s a leaf) {
#* « the closest point in Z to u.point;
#".wgtCent  =".wgtCent + u.point;
2".eount & 2*.count + 1;
}
else
2* + the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (visFarther(=*,C)) Z « Z\ {¢};
if(21=1) {
2" wgtCent + 2. wgtCent + u.wgtCent;
2".count & 2".count + u.count;
I
else {
Filter(u.lejt, Z);
Tilter(u.right., Z):
}
1

Z3=1[88]




Objeto x; X1 Xy
1 1 2
2 2 1
s F T
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
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10 2 15
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Z1=[89] Z2=1[98]

Midpoint = [3,83 8,16]
Z* <73

Z3=1[88]

Filter(kdNode », CandidateSet Z) {
C + u.cell;
if (u/is a leaf) {
2* + the closest point in Z to u.point;
z".wytCent  =*.wglCent + u.poini;
2".eount & 2*.count + 1;

else {
2" + the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (visFarther(=*,C)) Z « 2\ {z};
i(21=1){
2" wgtCent + 2" wgtCent + u.wgtCent;
2".count & z*.count + u.count;

1

else {
Filter(ee.lejt, Z);
Tilter(w.right, Z):

}

Objeto x; X Xy
1 1 2
2 2 1
s F e ERERRES
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14
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Z1=[89] Z2=1[98]

Z3=1[88]

Midpoint = [3,83 8,16]
7* <« 73

Para Z1: Para Z2:
uZl)y=21-2z2*=[01]
v(H) =[9 15]
d(v(H),Z1) = sqrt(37) d
d(v(H),Z*) = sqrt(50) d

v(H) =[9 15]
(v
(

Filter(kdNode u, CandidateSet Z) {
C  w.cell;
if (u/is a leaf) {
2* + the closest point in Z to u.point;
z".wgtCent  =*.wglCent + u.poini;
2".eount & 2*.count + 1;

else {
2"+ the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (v.isFarther(=*,C)) Z « 2\ {z};
if(21=1) {
2" wgtCent +— =" wgtCent + u.wgtCent;
2*.count & z*.count + u.count;

I

else {
Filter(u.lejt, Z);
Tilter(u.right, Z):

}

u(Z2)=22-2*=[10]

(H),Z2) = sqrt(49)
V(H),Z*) = sqrt(50)

Objetox; | x, x,
1 1 2
2 2 1
5 ; o ERERERR
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14

Prof. Eduardo R. Hruschka

Z1=[89] Z2=[98]

1,2,3,4,6,8

Z3=1[88]

Filter[kdNode », CandidateSet Z) {
C + u.cell;
if (u s a leaf) {
2* « the closest point in Z to u.point;
z".wytCent  =*.wylCent + u.poini:
2".eount & 2*.count + 1;

else {
2* + the closest point in Z to C’s midpoint;
for each (z€ Z \ {z°})
if (z.isFarther(z*,C)) Z « Z\ {z};
i(21=1) {
2" wgtCent + 2" wgtCent + u.wgtCent;
2".count & z*.count + u.count;
1
else
Filter(ee.lejt, Z);
Tilter(u.reght, Z):

objetox, | x, x, 5
! ! 2 X<=2 10
2 2 LI Y<=14
3 1 1 12
4 2 2 X<=1 5
5 8 9 —— Y<=14
6 9 8 <=8 1
7 9 9 6
3 8 P X<=8 5
9 1 15
10 2 15 X<=2 4

Y<=1
11 1 14 : 2
12 2 14 : X<=1
- 1
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. Y<=1
1,2,3,4,6,8
v
Z1=[89] Z2-=[98] Z3=[88]

Midpoint = [3,83 3,66]
VAl S

Filter[kdNode u, CandidateSet Z) {
C — w.eell;
if (u s a leaf) {
#* « the closest point in Z to u.point;
z".wygtCent  =".wglCent + u.poini;
2".eount & 2*.count + 1;

}
else {
2* + the closest point in Z to C’s midpoint;
for each (z€ Z \ {z°})
if (z.isFarther(z*,C)) Z « Z\ {z};
if(21=1) {
2" wgtCent +— =" wgtCent + u.wgtCent;
2".count & 2".count + u.count;
I
else {
Filver(u.left, Z);
TFilter(w.right, Z):




Objeto x; X1 Xy
1 1 2
2 2 1
s F T
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14
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Z1=[89] Z2-[98] Z3=[88]

Midpoint = [3,83 3,66]
Z* &« 73
Para Z1:

u(Z1)=21-2z*=101]
v(H) = [9 8]

d(v(H),Z1) = sqrt(2)
d(v(H),Z") = sart(1)
Podemos podar Z1!

Filter(kdNode », CandidateSet Z) {
C + u.cell;
if (u/is a leaf) {
2* + the closest point in Z to u.point;
z".wytCent  =*.wglCent + u.poini;
2".eount & 2*.count + 1;

else {
2" + the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (visFarther(=*,C)) Z « 2\ {z};
i(21=1){
2" wgtCent + 2" wgtCent + u.wgtCent;
2".count & z*.count + u.count;

1

else {
Filter(ee.lejt, Z);
Tilter(w.right, Z):

Para Z2: |/
u(Z2)=22-2*=[10] W/
v(H) = [9 8]

d(v(H),Z2) = sqrt(0)

d(v(H),Z*) = sqrt(1)

Objeto x; X Xy
1 1 2
2 2 1
s F e ERERRES
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14
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72-[98] Z3=[88]

Filter(kdNode u, CandidateSet Z) {

C  w.cell;

if (u/is a leaf) {
2* + the closest point in Z to u.point;
z".wgtCent  =*.wglCent + u.poini;
2".eount & 2*.count + 1;

else {
2"+ the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (v.isFarther(=*,C)) Z « 2\ {z};
if(21=1) {
2" wgtCent +— =" wgtCent + u.wgtCent;
2*.count & z*.count + u.count;

I

else {
Filter(u.lejt, Z);
Tilter(u.right, Z):

}

Objetox; | x, x,
1 1 2
2 2 1
5 ; o ERERERR
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14
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72-[98] Z3=[88]

Midpoint = [1,5 1,5]
VAR SAC

Filter[kdNode », CandidateSet Z) {
C + u.cell;
if (u s a leaf) {
2* « the closest point in Z to u.point;
z".wytCent  =*.wylCent + u.poini:
2".eount & 2*.count + 1;

else {
2* + the closest point in Z to C’s midpoint;
for each (z€ Z \ {z°})
if (z.isFarther(z*,C)) Z « Z\ {z};
i(21=1) {
2" wgtCent + 2" wgtCent + u.wgtCent;
2".count & z*.count + u.count;
1
else
Filter(ee.lejt, Z);
Tilter(u.reght, Z):

Objetox, | x; x, 5 - - -
1 1 2 Filter(kdNode u, CandidateSet Z) {
X<=2 10 C — w.eell;
2 2 LI Y<=14 if (s a leaf) {
3 1 1 12 2" « the closest point in Z to u.point;
4 2 2 X<=1 z".wygtCent  =".wglCent + u.poini;
R .
5 5 5 9 ) 2" eount & 2*.count + 1
Vet Y<=14
6 9 ) Y<=8 o A
7 9 9 6 2* + the closest point in Z to C’s midpoint;
X<=8 for each (z€ Z \ {='})
8 8 8 8 if (zisFarther(z*,C)) Z  Z \ {z};
9 1 15 if(|z]=1) {
10 2 15 X<=2 4 2" wgtCent +— =" wgtCent + u.wgtCent;
Y<=1 2".count & z*.count + u.count;
1 1 14 2 }
12 2 14 X<=1 else {
Prof, Eduarda R. Hrusehka . 1 Filter(u.left, Z);
L Y<=1 Tilter(u.right, Z):
- 3
: }
= = H/
Z2-198 Z3=[88] ‘e /
. . c /
Midpoint = [1,5 1,5] u,

Para Z2:
u(z2)=22-27*=[10]
v(H) =[2 2]

d(v(H),Z2) = sqrt(85)
d(v(H),Z*) = sqrt(72)
Podemos podar Z2!

VAR SVAC]




Objeto x; X1 Xy
1 1 2
2 2 1
s F T
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14
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Z72-[98] Z3=[88]

Midpoint = [1,5 1,5]
VAR SAC 12 = 1:

Filter(kdNode », CandidateSet Z) {
C + u.cell;
if (u/is a leaf) {
2* + the closest point in Z to u.point;
z".wytCent  =*.wglCent + u.poini;
2".eount & 2*.count + 1;

else {
2" + the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (visFarther(=*,C)) Z « 2\ {z};
i(21=1){
2" wgtCent + 2" wgtCent + u.wgtCent;
2".count & z*.count + u.count;

1

else {
Filter(ee.lejt, Z);
Tilter(w.right, Z):

}

Z3.wgtCent & Z3.wgtCent + (x1+x2+x3+x4)

Z3.count € Z3.count + 4

Volta da recursao!

Objeto x; X Xy
1 1 2
2 2 1
s F e ERERRES
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14
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72-[98] Z3=[88]

Filter(kdNode u, CandidateSet Z) {
C  w.cell;
if (u/is a leaf) {
2* + the closest point in Z to u.point;
z".wgtCent  =*.wglCent + u.poini;
2".eount & 2*.count + 1;

else {
2"+ the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (v.isFarther(=*,C)) Z « 2\ {z};
if(21=1) {
2" wgtCent +— =" wgtCent + u.wgtCent;
2*.count & z*.count + u.count;

I

else {
Filter(u.lejt, Z);
Tilter(u.right, Z):

}

Objetox; | x, x,
1 1 2
2 2 1
5 ; o ERERERR
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14
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Z72-[98] Z3=[88]

Midpoint = [8,5 8]
Z* &« Z2 (mas poderia ser Z3)

Filter[kdNode », CandidateSet Z) {
C + u.cell;
if (u s a leaf) {
2* « the closest point in Z to u.point;
z".wytCent  =*.wylCent + u.poini:
2".eount & 2*.count + 1;

else {
2* + the closest point in Z to C’s midpoint;
for each (z€ Z \ {z°})
if (z.isFarther(z*,C)) Z « Z\ {z};
i(21=1) {
2" wgtCent + 2" wgtCent + u.wgtCent;
2".count & z*.count + u.count;
1
else
Filter(ee.lejt, Z);
Tilter(u.reght, Z):

Objeto x; X X5 5
! ! 2 X<=2 10
2 2 LI Y<=14
3 1 1 12
4 2 2 X<=1 5
9 J 9 - Y<=14
6 9 8 <=8 1
7 9 9 6
9 1 15
10 2 15 X<=2 Ye=t 4
11 1 14 - 2
12 2 14 X<=1

Prof. Eduarda R. Hruschka Y 1 1

<=
3

Z72-[98] Z3=[88]

Midpoint = [8,5 8]
Z* &« Z2 (mas poderia ser Z3)

Para Z3:

u(Z3) =23 -2*=1[-10]
v(H) = [8 8]

d(v(H),Z3) = sqrt(0)
d(v(H),Z") = sart(1)

Filter(kdNode u, CandidateSet Z) {
C — w.eell;
if (u s a leaf) {
#* « the closest point in Z to u.point;
z".wygtCent  =".wglCent + u.poini;
2".eount & 2*.count + 1;
}
else {
2* + the closest point in Z to C’s midpoint;
for each (z€ Z \ {z°})
if (visFarther(=*,C)) Z « Z\ {¢};
if(21=1) {
2" wgtCent +— =" wgtCent + u.wgtCent;
2".count & 2".count + u.count;
I
else {
Filter(u.lejt, Z);
Tilter(u.right, Z):
}
1




Objeto x; X1 Xy
1 1 2
2 2 1
s ; T
4 2 2
5 8 9 -
6 9 8 =
7 9 9 - 6
8 8 8 - s
9 1 15
10 2 15
11 1 14
12 2 14
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Z2=[98] Z3=[88]
Para X8:

Z* € 73

Z3.wgtCent < Z3.wgtCent + X8

Z3.count € Z3.count + 1

Filter(kdNode », CandidateSet Z) {
0 C + u.eell;
if (u/is a leaf) {
2* + the closest point in Z to u.point;
z".wytCent  =*.wglCent + u.poini;
9 2".eount & 2*.count + 1;

else {
2" + the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (visFarther(=*,C)) Z « 2\ {z};
i(21=1){
2" wgtCent + 2".wgtCent + u.wytCent;
2".count & z*.count + u.count;

1

else {
Filter(ee.lejt, Z);
Tilter(w.right, Z):

}

Para X6:

Z* &« 72

Z2.wgtCent < Z2.wgtCent + X6
Z2.count € Z2.count + 1

j X; X,
Objjm % 1“ 2‘2 Filter(kdNode u, CandidateSet Z) {
C  w.cell;

2 2 1 if (u is a leaf) {

3 1 PR #* + the closest point in Z to u.peint;

4 2 2 z".wgtCent  =*.wglCent + u.poini;
2".eount & 2*.count + 1;

5 8 9

6 9 8 else {

7 9 9 2"+ the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})

8 8 8 if (z.isFarther(*,C)) Z « Z \ {z};

9 1 15 if(|7]=1) {

10 2 15 2" wgtCent + 2. wgtCent + u.wgtCent;

2*.count & z*.count + u.count;
1 1 14 }
12 2 14 else {
Prof_ Eduarda R_ Hruscha Filter(u.teft, Z);
Tilter(u.right, Z):
}
}
1

Z1=[89] Z2-[98] Z3=[88]

Objetox; | x, x,
1 1 2
2 2 1
5 ; o ERERERR
4 2 2
5 8 9
6 9 8
7 9 9
8 8 8
9 1 15
10 2 15
1 1 14
12 2 14

Prof. Eduardo R. Hruschka

Z1=[89] Z2=1[98]

Midpoint = [3,83 12,66]
VAR SVA

Z3=[88]

Para Z2:

Para Z3:

Filter(kdNode , CandidateSet Z) {
C + u.cell;
if (u is o leaf) {
2* « the closest point in Z to u.point;
z".wytCent  =*.wylCent + u.poini:
2".eount & 2*.count + 1;

else {
2" + the closest point in Z to C"s midpoint;
for each (z€ Z \ {z°})
if (z.isFarther(z*,C)) Z « Z\ {z};
i(21=1) {
2" wgtCent + =" wgtCent + u.wgtCent;
2".count & z*.count + u.count;
1
else
Filter(ee.lejt, Z);
Tilter(u.reght, Z):

u(Z2)=22-272*=[1-1] u(Z3)=23-2*=[0-1] ””

v(H) =[9 9]
d(v(H),Z2) = sqrt(1)
d(v(H),Z") = sart(1)
Podamos Z2!

v(H) =[9 9]
d(v(H),Z3) = sqrt(2)
d(v(H),Z*) = sqrt(1)
Podamos Z3!

ODJ:‘G % :“ 22 Filter(kdNode u, CandidateSet Z) {
C — w.eell;

2 2 1 if (u s a leaf) {
3 1 P 2"« the closest paint in Z to u.peint;
4 2 2 z".wygtCent  =".wglCent + u.poini;

2".eount & 2*.count + 1;
5 8 9 }
6 9 8 else {
7 9 9 2* + the closest point in Z to C"s midpoint;

for each (z€ Z \ {z°})
8 8 8 if (zisFarther(z*,C)) Z  Z \ {z};
9 1 15 if (1Z]=1) {
10 2 15 2" wgtCent + 2*.wgtCent + u.wytCent;

2".count & 2".count + u.count;
1 1 14 }
12 2 14 else {
Prof, Eduarda R. Hruschia ;i}“‘rg"“”l'{, . Z;i)
Pilter(w.right, Z):
}
1

Z1=[89] Z2=1[98]

Midpoint = [3,83 12,66]
VAR SVA

73=[88]

|Z] =1:
Z1.wgtCent € Z1.wgtCent + (X5+x7+x9+10+x11+x12)
Z1.count < Z1.count + 6




j X; X,
0b]e1tc| ! 1‘1 2‘2 Filter(kdNode », CandidateSet Z) {
C + u.cell;
2 2 LI if (u s a leaf) {
3 1 1 2* + the closest point in Z to u.point;
7 2 2 z".wytCent  =*.wglCent + u.poini;
2".eount & 2*.count + 1;
5 8 9
6 9 8 else {
7 9 9 2* + the closest point in Z to (s midpoint;
for each (z€ Z \ {z°})
8 8 8 if (z.isFarther(:*,C)) Z « 2\ {z};
9 1 15 i(71=1){
10 2 15 2" wgtCent + 2" wgtCent + u.wgtCent;
2*.count & 2*.count + u.count;
1 1 14 }
12 2 14 else {
Prof_ Eduarda R_ Hruschica Filter(u.tejt, Z);
Tilter(u.right, Z):
}
)
X 1
16.00 P %
woo{ § o z

Fim da primeira iteragdo do algoritmo!

12.00 *

10.00 \ .
8.00 &2 Centroids:

s 25 Z1 = [3,8312,66] (X5,Xx7,x9,x10,x11,x12)
oot Z2 =[9 8] (xB)

200 ¢ 73 =[2
= =[2,8 2,8] (x1,x2,x3,x4,x8)

=
ra
.
= o
o
=

2 |
Notas sobre desempenho

- Para construir arvore KD
- Altura da arvore: O(logN)

- Cada nivel: O(nN) - se utilizado método linear para célculo da
mediana — ex: median of medians — Blum et al. (1973)

- O(nN logN)
- Para calcular as distancias

- Exemplo de pior caso: centros em esfera unitéria centrada
na origem e pontos agrupados ao redor da esfera, quase
equidistantes dos centros

- Praticamente nao havera podas de centros

- O(nKN) = forca bruta

Notas sobre desempenho

- Quanto maior a distancia inter-grupos, mais eficiente é
o algoritmo de filtragem

- Sujeito a suposigao de que os centros candidatos estéao de fato
préximos aos centros reais dos grupos (forte!)

- Na pratica, o tempo de execugéo cai drasticamente quanto maior a
separagao dos grupos para quaisquer centros candidatos

- Algoritmo de filtragem mostrou-se eficiente em dados
sem grupos naturais
- Experimentos em dados artificiais

.« |
Notas sobre desempenho

CPU Time versus Standard Deviation
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Notas sobre desempenho

- Tempo de execucdo aumenta exponencialmente com o nimero de
atributos (dimensdes)
- Enquanto que na verséo tradicional, o aumento € linear
- Caracteristico em algoritmos dependentes de arvores-KD ou arvores-R

CPU Time versus Dimension

15— T T T

2 Brute-force
& Filtering (including preprocessing)
+—+ Filtering (excluding preprocessing)

CPU Seconds per Stage

0 5 10 15 20 25 30 35
Dimension

T
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